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A new variational formulation of Maxwell-Vlasov and related theories is given in terms of a
common Lagrangian density for both the *“Vlasov particles” and the Maxwell fields. This
formulation is used to derive in a consistent way, on the one hand, correct charge and current
densities and, on the other, corresponding energy and energy flux densities. All of these densities
generally show in addition to particle like contributions electric polarization and magnetization
terms. By some limiting procedure collisionless guiding center theories with polarization drifts
included are also treated. In this way local energy conservation laws are formulated for such

theories, which has not been possible up to now.

Introduction

Systems allowing a Lagrangian formulation of the
equations describing them often show such proper-
ties as conservation laws which are not present in
other systems. Moreover, the derivation of, say, such
conservation laws is often facilitated quite a bit
when a variational formulation is used instead of
the explicit form of the underlying equations. For
the usual Vlasov-Maxwell theory F.E. Low once
gave a variational formulation [1]. His Lagrangian
for the Vlasov part was based on the particle equa-
tions of motion in the usual Lagrange picture, i.e.
with the position x of a particle being a dependent
variable x (7; x, v), where x|, v| represent initial
values of x and x. On the other hand, the Max-
wellian part is described in a Eulerian picture with
x being an independent variable. These two dif-
ferent pictures cause some difficulties in applying
Low’s Lagrangian formulation. In this paper the
Vlasov part will also be based on a Eulerian picture
of the particle motion which is provided by the
Hamilton-Jacobi theory. This will be done for
rather general Vlasov-like theories, which also al-
lows collisionless kinetic guiding center theories to
be treated. The latter will be based on a Lagrangian
for guiding center motions in a Lagrange picture
given by Wimmel [2] from which Littlejohn’s guid-
ing center mechanics, with the polarization drift
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included [3], can be rederived. In order to allow the
use of a Hamilton-Jacobi theory for this case, a
limiting procedure has to be applied, starting with a
somewhat modified Lagrangian allowing a Hamil-
tonian.

The new formulation will be used in order to
obtain correct expressions for charge and current
densities as well as for corresponding energy and
momentum densities and their flux densities for the
stated general class of Vlasov-like theories. All these
expressions will eventually be given in terms of
usual quantities such as velocities, magnetic
moments etc. They generally show in addition
to particle like contributions electric polarization
and magnetization terms. The latter two are, of
course, identical to zero for the usual particle
Vlasov theory. They are, however, essential for
kinetic guiding center theories, and one important
result of this paper is that for these theories correct
charge and current densities are derived, leading in
a consistent way to local energy conservation laws, a
result which had not yet been obtained in the case
with polarization drifts [2]. It will also be shown that
these charge and current densities fulfill certain
criteria resulting from an exact Vlasov theory, such
as a vanishing current density in time-independent
but inhomogeneous magnetic fields for “isotropic™
guiding center distribution functions. Drift motions
are thus exactly compensated by magnetization
effects in this case.

The paper is organized as follows: In Sect. I the
Hamilton-Jacobi theory is reviewed in a way suited
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to its later application. In Sect. II Lagrangians for
Vlasov like theories are introduced. These are
specialized in Sect. III to ones that allow coupling to
the electromagnetic field. First expressions for
charge and current densities are obtained there. In
Sect. IV energy and energy flux densities are de-
rived. All the densities are expressed by convention-
al variables in Section V. Section VI presents an
application to the usual Vlasov-Maxwell theory
yielding the already known expressions, and in Sect.
VII kinetic guiding center Maxwell theories are
treated for which self-consistent expressions for the
various densities are given for the first time.

1. Hamilton-Jacobi theory

In order to allow the inclusion of systems more
general than the usual Vlasov theory, especially
kinetic guiding center theories, we consider a more
general space than the normal x-space with posi-
tion vectors

Y=y =05y). (1)
n=0nry,Ly)=x )

is the position vector in normal x-space. y; is
assumed to be of dimension n,. Corresponding to y
we need variables

a=(,..., 0 (3)
such that we can define a function
S=8S((,a,t) (4)

for each particle species to be a complete solution
of the Hamilton-Jacobi equation

as a8
9 L Hn 22 =0, 5
3 H(’ By ’) 0 )

where H (y, P,t) is the Hamiltonian for the “par-
ticles” as a function of the canonical variables y and
P

The following relations hold:

——2f=P(y- 1) .
oH d
=V(We,H)=—y, 6
T B T ©)

or 0y | Oa
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where V is the velocity of “particles” in y space and
0S/0a appears to be a constant of the motion. A
general constant of the motion is a function of « and
0S/0a. Furthermore, one can form the Van Vleck
determinant

) =

2
\ i 1Y | [ (y,a.1), (7

000y

which can be shown to satisfy the continuity equa-
tion [4]
ow 0

2. Lagrangians for Vlasov-like equations

If used as a Lagrangian, the following functional
of S(y.,a.7) and an additional function ¢ (y, «, )
has the property of yielding Vlasov-like equations:

Ly()=—[d"yd" 9)

o\ By e

Hamilton’s principle
2 (10)
0 Ly(r)dt=0 with 6S=0p=0 at 1,1,
Iy
together with the assumption that certain partial
integrations over y can be performed with vanishing
contributions from boundaries gives by variation

of g
GN oS
—k H\ Y, L] = 5
o (} o f) 0 )
and by variation of S

2,8,

-1,
o Ty VO

(1)

If we define
fyra,n=gp/w, (12)
with w given by (7), then from (8)
g + V- ﬂ =

0. 13
ot oy (13)

Thus f'is a constant of the motion:
F(y.a.1)= (2. 0S/0a)

and therefore

p=w [ (a,0S5/0a). (14)
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Since f' is a constant of the motion, it satisfies the
“Vlasov” equation when a is replaced by P via
P=0S/0y. and it will in fact turn out to be the
distribution function for the particle species consid-
ered or at least to be closely related to it in the case
of guiding center theories. In the case of H being an
N particle Hamiltonian £ is a solution of Liouville’s
equation. This case will, however, not be considered
here.

3. Coupling to the electromagnetic field

In the following v denotes the particle species
with charge e, and mass »1,. For the coupling to the
electromagnetic field we have to restrict the “par-
ticle” Hamiltonians to correspond to gauge in-
variant theories, i.e. if no derivatives of E and B are
to be included

H,=e®&

(x.1) (15)

- e,
+H\p——A(x,1),P, E B,
¢
x=y,, p= P = canonical conjugate to x
P, = canonical conjugate to y,.
Furthermore, we have

0H, 0H, _0H,
op op, " TP apy

(17)

v,=

In the usual Vlasov theory H, does not depend on
P, E, B. E and B follow from & and 4:

1 04
E=————-V®, B=curld. (18)
¢ Ot
The Lagrange density for the vacuum fields is
.
Sw= o (B~ BY), (19)
8

and we take as the Lagrangian for the coupled
Maxwell-*“Vlasov” system

L(I)=LV+LM

0S,
=—> [d"fd"y (§+ e, d

+H (a_s_ 54,9 g B)) -
ox ¢ oy,

+ [ d3x L (E*— B?). (20)
8
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Using this function in Hamilton’s principle, we
obtain by variation of

oS, .
(7% E+£’\<¢+Hr=0. (21

Sy o=w, /A\ (a a—s) (22)
Oa

1 -
®: — divE=7Y [d"xd"y,w, fe,
4n v

. (23)
+div [Z fdmx dmey, w, £, ——]
= p = charge density ,
o 0
A: — B———E
4 (curl ¢ Ot )
= Z f d"x d"y, u",f; e,
0 . 0H,
T Z fdmxdmy,w, f, i (24)

. 0H,
— ¢ curl Z fd"a dmy, w‘.fv%—B

= j = current density .

Equations (23) and (24) are the inhomogeneous
Maxwellian equations with expressions for the
charge and current densities on the r.h.s. The
current density — and correspondingly the charge
density — shows three different contributions: “par-
ticle”, electric polarization and magnetization con-
tributions (the latter without a counterpart in the
charge density). The “particle” contribution obeys
by itself a conservation law which is a consequence
of the gauge invariance of the theory expressed by
the combinations 0S,/0r + e, @ and 0S,/0x — (e,/c) A.
The electric polarization and magnetization con-
tributions also separately obey conservation laws.
There exists therefore some ambiguity in defining
such densities. The fact that unique expressions are
obtained for the charge and current densities is a
consequence of deriving them from the variational
principle. It is only these expressions which can be
consistent with a local conservation law for the
energy which will be derived in the next section. A
further simplification of (23) and (24) is obtained in
Section V.
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4. Energy and energy flux densities

In order to derive expressions for these quanti-
ties. we first introduce

z=y)=(0,215---520), 2a=(,X);

(25)
=@ a)y, > .= [du...,
B v
i) =), wp()=S,(ra.1),
D, (2a)=(P,A), pu=0,1,23.

We then define with

oS, oS, e, 0S,
i = R
7 ("(a R ‘“”(ax W ))

oup 0,
=/ﬂ(w’;.—;’—.ﬁ—.f=1 2.0

78
0z,

—£, u= 0123)

.y=o,1,2.3),

(27)
a canonical tensor
3
- 0P, o
9 - U
- Eﬂ 0zui 4 09, (28)
a:al
2 3 o
+ZZ[d" ) li/ﬂ aﬁl"(slk_/
Boi=1 Zk 3 Vi
%21 pg=0,1,2,3.
With the summation convention applied we have
69;\.,* : 0 6(15,‘ o (29)
a:nl u=0 a:a/ a:ak 5 a(pu
a-a/
. 0 [Bwp Ay o
P T o | T
B oi= i 2k 5 Vi Zak
a:;_

Because of the integration over y, in the second
term of the r.h.s. the summation over 4 could be ex-
tended to go from 0 to n instead of just from 0 to 3.
The Euler-Lagrange equations are
0 a/'/f a_//f

__——’——_"—_—0, all/f,l'=1,2.
dz; 5 Oyy Oy
0z; (30)
0 0/’ 0
L0, p=0,1,3,3.
a:ak a a¢l‘ a(pl‘

a:ak
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Furthermore. we have

o N 3 0P, 0 azq)ﬂ 0 (31)
a:ak u=0 a:ak a¢# a:aka:a/ a_—_—a(pu
a:a/
+ i fdmy, 7, aj,(j S v a_//ji
g 0z; Owp 0z,0z; 5 Owj
6:;_

Using (30) and (31) in (29), we obtain in a manner
similar to that usual in field theory
00y 00y 00y
a:a/ a[ a.\','

=0. (32)

This — almost — constitutes the local conservation
law for energy and momentum; almost, because @y,
1s not symmetric.

In the following only energy conservation which is
related to O, will be considered. The “Vlasov”
contributions to @ are

oy 0
O%= ZZId"Z. -4 —L Zjd"mjﬁ
g oi=1 ot a /}’
ot
0S, 0%
o n dnz n na ) 2
Zjd T Z,jd x d"2y, £y
a_
ot

= Z [ d"x dnz."z H\‘ Dy

=y f d"x d™y, n‘\._f;. H (33)
In a similar way, one obtains
@)= [d"afd™=y,w, f,H,v,. (34)

The full expressions for @y, O are rather com-
plicated:

oH,
Op=>. [d"x[d™=mw, /\(e ®+H,—E aE)

Vv

. OH,
+ @ div {Z fdm fdmyyw, £ _67}

v

—g<1>+—81—(E3+BZ) (35)

/4

+div

0H,
(41_5 Z d"y d"zuu‘f‘ )]
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(Oo) =2 fd"xd™yyw, f, (e, @ + H) v,
Rl . 0H, 1

+—a; Zfd xd 3%) H'r»fy oF .—4—7[

: ~ 0H,
= Z j d"x d"z)'g W‘.f‘,—a—B— x E (36)

xV@

. 0,
—c Y [d"d™=y,w, f, 3B

¢ e
+—ExB——BxVao.
4n 4n
These expressions have the property that all non-
gauge-invariant terms cancel in the continuity equa-
tion
00 00y,
S0 B0

=0
ot a.\','

and can therefore be disregarded. What is left can
then indeed be interpreted as energy density ¢ and
energy flux density n:

- 0H,
p = "o d"2y, w, f | H,— E -
£ Zfda )zn\_/\( ’ 6E)

+—1— (E*+ B?), (37)
8

" 0H,
n=> {dxd®y,w,f, (H\, v,+cEx 3B )

+4LEXB. (38)

n
Like charge and current densities, these expressions
show “particle”, electric polarization and magnetiza-
tion contributions. In the following we get a further
simplification of these expressions as well as of the
expressions for the charge and current densities.

5. Integration over the additional coordinates y,

From (15) we have

0H,/0y,=0 (39)
and therefore

P,=const=aj. (40)
We can thus write

@ = (a1, ®2) = (a1, Py) . (41)

5

The function S, separates into

S, =S, +S,, (42)
with

Sao=azy;, 05,//0y,=0. (43)
From this it follows that

02S,/0%;0y 2 = Ok (44)
and therefore

S AR )

in which 7, £ only assume the values 1, 2, 3. A conse-
quence of (45) is that

all“‘/a}'z =0. (46)

The integrands of o, J, ¢, n therefore only depend on
v, via f,(«, 0S,/0a) through 8S,/0a, =y, + vector
independent of y,. The result of the y, integrations
1s therefore

nay, £ Q _ 7 aSN
fd J:.fr(a, aa)"»"‘ (cz. aal)'

which is a constant of motion in x-space. We can
now replace the «, integration by a p integration by
using p = 0S,,/0x. This gives

(47)

a%s,
d3p= H a—a—]\— \ d39(1= w‘,d3oc] (48)
1k VA
and
~[ 08y :
.fv a, et =_/\' (x, DI flz) > (49)
1

which is now a solution of the “Vlasov’ equation in
X, p-space:

0f/0t+[H,, f]=0. (50)

where the brackets are Poisson brackets.
With all this we can now replace on the expres-
sions for o, J, &, n

[P, d™yyw, £, by [d2p f, ..., (51

from which the interpretation of f, as distribution
function also becomes evident. This is the final
general result of this paper. In the next sections
these results are applied to the usual Vlasov case
and to the case of kinetic guiding center theories.
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6. The usual Vlasov-Maxwell theory

Here we havey = x, & = a4,

fdmay.. > 1., (52)
oH, oH,
oE 0B V- (33)

Because of (53) only particle contributions remain,
and we find the well-known expressions

e=2ldpfi(xp.0)e, (54)

J=21dp fixp et (xp),

e =Zjd3p_f;ﬂr+8¥(£2+32). (55)
v 4

'I=Zfd3p,f;ﬁvvv+4—;ExB,

7. Kinetic guiding center — Maxwell theory

According to Wimmel [2] Littlejohn’s guiding
center motions including polarization drifts [3] can
be obtained from a Lagrangian

e mce
sz-.\"-(A (x,) +— (@ b+vg)|—e®
¢ e

M, 5 s
—/zB——(z~*+ Ug) , (56)

b=B/B,vg=c (Ex B)/B?,

(= magnetic moment,
I2
if in 0f Lydr=
I51
dently while x is kept constant. g therefore only
appears as a parameter. This Lagrangian, however,
does not allow to construct a Hamiltonian as a func-
tion of canonical variables. In order to obtain such a
Hamiltonian, we have to modify the Lagrangian
and also introduce an additional coordinate. The
following choice 1s a possible one:

0, x(¢), v (¢) are varied indepen-

L»——%IX + Ly, e>0,¢—-0, ¢ x>0,
y =x0, y=x{=r). (57)
From this we find canonical momenta
P = (P, P))=(p,ps),
p =;;x+SA+m (v b+ vg), (58)
o

p=mb-x—1r).
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Since L, does not depend on (, the corresponding
Hamiltonian does not either and therefore p,=
const. To be in agreement with Littlejohn and Wim-

mel, this constant has to be taken as zero:
pr=mb-x—0v)=0 (59)

re.vy=b-x
In this case one finds

£ c m+¢) ¢
~ L, (60)
&
1 b( eA)
: T m+e N C
Using this in
oL oL
Hg’__x axg+l' al.g_ g
| S ) m. 5
=—c¢x+muoy(b-Xx—v))+—(@7+ V)
2 2
+uB+ed,

one obtains the Hamiltonian

= 2e ¢ 2¢e m+e
_ﬂﬂgkp_iA
m 5
7(1+ VE+uB+ed. (61)

This function of the canonical variables is to be
used in order to get 0H,/OE and O0H,/0B. After
insertion of p again from (58) this results in

0H, mc
v B.
QE g T
oH mr mc
aBg__ B (XL_FE)_F(“—PEBE
2m
+?I'E'(,\"—I'E)b+/lb. (62)
X =bx(xxb). (63)
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These relations are correct for all ¢. ¢ only occurs in
the original expressions with the momenta as vari-
ables instead of x. We now replace the integration
over p by an integration over x. Because of (58) we
have

ddp=¢e*(m+e¢) d3x (64)
and we therefore define
Fx,x,n)=e*(m+e¢) f(x,p1). (65)

The integration over x is simplified when going to
the limit ¢ = 0. For this purpose we first write
down the exact equations of motion:

6f=€E+ExXE,
¢ (66)
1 04

E=———_-Vé, B=curl/d,
¢ Ot

~ mec¢
A=A+— (@ b+rp),
e

(67)
- K m .
d=p+—B+—vg, v =b-x.
e 2e
With
E=E*-Z:p (68)
[
(66) can be decomposed into
cixb=eE*xb+<(B v, —x,B), (69)
€
ci b=eE*—mi +>(k,xB.)-b, (70)
€
where
B =bx(Bxb), B=b-B. (71)

Equation (69) implies a “gyromotion” with a fre-
quency of order 1/¢, thus

£fxb=e%(,\‘txb)

+ terms vanishing for ¢ — 0, (72)
¢ b d (x-b)
5 b= — (%
& Ry
+ terms vanishing for ¢ — 0, (73)

=0fore—0.

7

Equation (69) therefore yields the following result,
being exact for ¢ = 0: The motion consists of a drift

1 -
XBZI’D:—BT—(l' B, +cE*xb) (74)
on which is superimposed a gyromotion with fre-

quency

wg,,:eé /ec (75)
and a gyroradius
g\ X, —Utp|cC
Fge =T— . (76)
The motion possesses an adiabatic invariant
e 2
se|X —vp
Hp=—— (77)

B

which in the limit ¢ — 0 becomes an exact constant
of the motion. Since for ¢ = 0, w,, = 0, rg; = 0,
the integration over the phase of the “gyromotion”
yields 2 z for the remainder, and we can replace

B
d*x by 2ndu,—dvy, X by vp.  (78)
&
We now write
& R
F x5 0) = — fo (e v un 1) S(us) (79)

where J(u,) is to be understood in such a way that
integration over u, only gives a contribution for
u, — 0 for ¢ = 0. Furthermore, a dependence on u
is added, which is possible because x only had the
character of a parameter. We can also sum our ex-
pressions over x4, i.e. integrate, which is analogous to
summing over different particle species. We there-
fore arrive at the replacement rule

3 : B
fd _\'F(x,x,t)...—>2nf—d,udzqu(x,r Sl D) ens
m
(80)
With (80), (65), (64), (63), (62), (51) the general ex-
pressions for charge and current densities (23), (24)
and for energy and energy flux densities (37), (38)
yield
2T = )
QZZWIB\ d#dl‘ _/gvev (81)

. 2T o = m,c
+div Y] — | B, dudr fgv—B— (tp,— vg) x b,



29 5 o
j=2 =B, dude fye (tp.+r b) (82)
_EZ—fB d/ldl fg\ s ('Dl_vE)Xb
—¢ Lurlz | B, dude f,,
v ”‘ -
b m‘c( 1 £
— = (ep,— v
u g o E) X
2m, m,r
- g (tg—tp) b— (tpy,—rE) |,
o
e=y == [B dude fo
Tom,
m 5 N
. ’,’_ (lw + Uy — (l‘D\'_~ "E)-) +Iu B
I S
+— (E-+ B) . (83)
n
5
r]=zm | B, dude Ja
n, 5
(T(l +vg)+u B (vp,+ v b)
+(uB+2mrg (vp,— vE)) Ug
m, ¢
E = E
B X((DD\ lE)X ) (84)
myv ¢
= Ex (vp,— vg) +—E><B
4n

where B, = b-l?v. B, being defined in (67), vp, is
given by (74), (68). (67), fev 18 a solution of the drift
kinetic equation

O 0f5v Ofse
—— 4+ Up,  ——+ —
ar P Tox N

=0, (85)
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with ¢ following from (70), (73), (68), (67):

m, t =e‘.E\’,"+%(l'Dxl§\.) “b. (86)
It has thus been established that the drift kinetic
equation (85) together with Maxwell's equations
with charge and current densities (81), (82) form a
self-consistent system obeying a local energy con-
servation law ¢+ divy =0, with ¢ and » given by
(83), (84). Moreover, the current density (82) has

the property of vanishing for f,,= /g\( > 2+ uB|,

which corresponds to a stationary solution of (85)
for A=® =0 but 4 (x) arbitrary. One thus gets a
compensation of drift and magnetization currents as
with solutions f, () of the exact Vlasov equation.

Summary

By using a Eulerian description of point mechan-
ics in the form of a Hamilton-Jacobi equation a new
variational formulation of Maxwell-Vlasov and re-
lated theories has been given within a Eulerian
picture for both the electromagnetic and the Vlasov
parts. This formulation allowed us to derive correct
charge and current densities as well as correspond-
ing energy and energy flux densities consisting of
particle like, electric polarization and magnetization
contributions. By some limiting procedure collision-
less guiding center theories with polarization drifts
included were also treated. In this way it was
possible for the first time to formulate consistently
local energy conservation laws for such theories.
Also, Liouville’s equation could be formulated
variationally likewise.
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